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Abstract. We present a bijection between non-crossing partitions of the set 
[2n + 1] into n + 1 blocks such that no block contains two consecutive integers, 
and the set of sequences {si}" such that 1 < Sj < i, and if Si = j, then 
Si-r < j — T for 1 < r < j : — 1. 

1. Introduction 

The Catalan numbers, C„ — —T-r( 2n ), arise in a wide selection of combinatorial 

' n n+l \ n / ' 

problems and applications. In his book Enumerative Combinatorics, Volume II, 
R.P. Stanley gives a list of 66 sets whose elements are counted by the Catalan 
numbers [S]. Later on, he has also provided an additional 26 sets in his Catalan 
addendum 6 . Out of this vast collection, we focus our attention on a specific type 
of non-crossing partitions and sequences. 

Non-crossing partitions, NCP's, of the set [n] = {1, . . . ,n}, where n G N, are 
partitions 7r = {B\, . . . ,-Bfc} G II n , such that if a < b < c < d, with a, c G Bi 
and b, d G Bj, then i — j (here, II„ denotes the set of all partitions of [n].) Such 
partitions will always be given in lexicographic order. For instance when n — 5, 7r = 
{1,5} — {2, 4} — {3} is a non-crossing partition, whereas 7r = {1, 3} — {2, 4} — {5} is a 
crossing partition. We choose to examine a specific class of non-crossing partitions, 
namely the set of non-crossing partitions of the integer [2n + 1] into n+l blocks 
such that no block contains two consecutive integers, hereby referred to as 'special' 
partitions (0, p. 226, Exercise 6.19(tt)). In [3], Mullin and Stanton prove that 
the set of special partitions of the set [2n + 1] is in one-to-one correspondence with 
the set of plane trees on n + l vertices, which in turn has cardinality C n (see [5], 
p. 176). For more information on these trees, see 0- Other known bijections 
involving special partitions can also be found in Roselle 0]. 

In addition to special partitions, the Catalan numbers also count sequences 
Si, S2, ■ ■ ■ , s n of integers such that 1 < s, < i, and if Sj = j, then Si_ r < j — r 
for 1 < r < j — 1 (see [S], P- 223, Exercise 6.19(z)). Stanley gives bijections be- 
tween this set of sequences and the set of 312-avoiding permutations of [n], as well 
as binary trees on n vertices (]JjJ, P- 259, Exercise 6.19(z)). 

In this paper, we present a bijection between special partitions and the sequences 
described above. Up until now, no bijections have been discovered between these 
two sets. We hope that this connection between a certain class of non-crossing par- 
titions and sequences will shed a new light on the vast area of research encompassing 
permutations with some restricted patterns. 

Section 2 focuses on background information relating to special partitions, while 
section 3 discusses the main result, which is the bijection itself. 
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2. Definitions and Results 

We first present a few definitions and preliminary results concerning special 
partitions. Some of the following results may already be known, but we have not 
found any information regarding these in the literature. In any case, we include 
them here for completeness. 

Definition 2.1. Let V\2 n +1] be the set of non-crossing partitions of [2n + 1] into 
n + 1 parts such that no block contains two consecutive integers. Any partition in 
the set V[2n+i] will be referred to as a ' special' partition. 

An element tt £ 'P[i3]i for example, is: 

tt = {1, 13} - {2, 4, 6, 12} - {3} - {5} - {7, 11} - {8, 10} - {9} 
We will represent tt in the following manner (also known as a Puttenham diagram 
CD- 




Figure 1. tt = {1, 13} - {2, 4, 6, 12} - {3} - {5} - {7, 11} - {8, 10} - {9} 

Definition 2.2. Given a non-crossing partition tt = {B±, B2, ■ ■ ■ , B^} 6 II„ ; we 
partition tt into (disjoint) pieces in the following manner: 

(1) If Bi = 1, then B\ is said to be a piece of tt. 

(2) If B\ = {1, . . . ,bi m }, let B2, ■ ■ ■ ,Bi+ s be the set of blocks in tt containing 
the integers 2, . . . , b\ m — 1. Then the set of blocks Bi, B2, ■ ■ ■ , B\+ s is said 
to be a piece of tt. 

To find the next piece, consider Bi +s+ i = B t = {b± w + 1 = bt x , . . . , 6t m }. 
Let Bt+i, . . • , B t +i be the set of blocks containing b tl + 1, . . . , b tm — 1. Then 
the set of blocks B t , i?t+i, ■ ■ ■ , B t +i is also said to be a piece of tt. Note that 
this piece could also be a singleton. Continue this process until all elements 
of [n] have been considered. 

The following examples illustrate the notion of disjoint pieces. 




Figure 2. tt made up of 3 disjoint pieces 

We also need the following lemma that will be used in the proof of Theorem 12. II 

Lemma 2.1. Let n, x\, X2, ■ ■ ■ , Xk be positive integers such that n = x\ +£2 + • • • + 

x fe . Then [^J + |_lf J H 1" L^J + k > Lf J + 1 > where I J denotes the floor 

function. 
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Figure 3. tt made up of 1 piece 



Proof. First note that the case k = 1 is trivially true. So, let k > 2 and assume 
that i of the Xj are even, where i > 0. Then, 

E,Xi, , n — (k — i) , ?i fc + i . n . , , 
LyJ + * \ + k - - + — > L^J + 1, Vfc > 2. 

□ 

Theorem 2.1. Let r 6e £/ie number of blocks of a non- crossing partition of [n] in 
which no block has two consecutive integers, (hereby referred to as a semi-special 
partition, or, SSP). Then r > [^J + I. 

Proof. We will use induction on n. 

(1) n = 1. The SSP of the singleton [1] contains exactly 1 block and clearly 

i > L|J + 1 = i. 

(2) n = 2. The SSP {{1},{2}} of [2] contains two blocks, and again 2 > 
L|J + 1 = 2. 

(3) Assume the claim holds for all SSP's of k < n, and let tt be a SSP of [n]. 

(a) Let n + 1 = 2j + 1. By induction, 7r is made up of r > \^\ +1 = j ' + 1 
blocks. Let tt be a SSP of [n + 1], with r blocks. 

If 7T is obtained from tt by adding n + 1 to an existing block, then 
r' > j + 1 = L^J + 1 = L^J + !• 

Else, if n + 1 is added as a singleton to tt, then r =r + l>j + 2> 
L^-J + 1 = L^J + 1- Thus the claim holds for n + 1 odd. 

(b) Let n + 1 = 2j + 2, and assume that tt is a SSP of [n + 1] with r 
blocks. We must show that r > [ 2 | ^ 2 J +1 = j + 2. One sees that 
this inequality would fail to hold if tt is obtained by adding n + 1 to 
an existing block of 7r with exactly r = L^f"J + 1 = j + 1 blocks. In 
[3j , Mullin and Stanton proved that 2n + 1 is the largest possible value 
of k for which there exists a SSP with n + 1 blocks, thus showing that 
rt + 1 cannot be added to an existing block of tt. However, their result 
follows from a theorem using face maps. Here, we give a proof relying 
only on elementary observations for SSP. Moreover, this proof shows 
that special partitions are made up of only one piece, a result which 
is useful in the main theorem of section 3. 

We show that if tt has exactly j + 1 blocks, then the only SSP of n + 1 
that one can obtain from it is by adding n + 1 as a singleton. To prove 
this, we show that a SSP tt of [n] = [2j + 1] with exactly j + 1 parts 
has exactly one piece in the sense of Definition 2.1. 



4 



REKHA NATARAJAN 



Assume that tt is made up of exactly j + 1 blocks, which are split 
into 2 disjoint pieces, B and B* (By Lemma l2~Tl it suffices to consider 
the case where we have 2 disjoint pieces, as shown in Figure 4). Note 
that B and B* are SSPs of ir. Since n is odd we may assume that B 

B B* 



1 n 

Figure 4. 7r made up of disjoint pieces 

contains 2k integers, while B* contains n — 2k = 2j + 1 — 2k integers. 
By induction, B is made up of at least k + 1 blocks, while B* contains 
at least j — k + 1 blocks. Together, B and B* contain at least j + 2 
blocks, which contradicts our assumption on tt. Thus tt is made up of 
1 piece, and it follows that there is exactly one way to add n + 1 to 
tt, namely as a singleton. Adding n + 1 in any other way will cither 
violate the non-crossing condition, or will cause the two consecutive 
integers n and n + 1 to lie in the same block. Therefore, r = r + 1 > 

□ 

The following corollary is an immediate consequence of the above proof. 

Corollary 2.1. In a special partition of [2n + 1], 1 and 2n + 1 are always in the 
same block. 

Proof. Since a special partition consists of only 1 piece, 1 and 2n + 1 must be in 
the same block. □ 

Corollary 2.2. The difference between any 2 consecutive entries of any non- 
singleton block of a special partition is always even. That is, by +1 — hi, = 2d. 

Proof. Consider a block Bi 6 tt, where ir is a special partition of [2n + 1]. Suppose 
there exists a difference of 2k+l between some integers bi j and bt j+1 in Bi. It follows 
that there are 2k integers trapped between bi - and b ij+1 , which by Theorem l2.1l make 
up at least [^f J +1 = k + 1 blocks. By identifying these 2k integers as a 'singleton', 
we can view tt as a SSP of [2n + l-2jfe + l] with at least [ 2 " +1 ~ 2fc+1 j + 1 = n-k + 2 
blocks. Thus, tt is made up of at least n — k + 2 + k + l — 1 = n + 2 blocks, a 
contradiction. Therefore, the differences must be even. □ 

Definition 2.3. Given a block Bi of size m > 1 in a special partition n, a sub- 
partition is a partition formed by the set of integers between bi. and bi j+l of Bi, 
1 < j < m. 

Corollary 2.3. Subpartitions are special partitions. 

Proof. Given a special partition n of [2n + 1], the subpartition on by + 1, bi, + 
2, . . . , bi j+1 — 1 is still non-crossing. Moreover, any block within the subpartition 
does not contain two consecutive integers. It remains to show that for a difference 
of 2k between bi j and bi j+1 , the 2k — 1 integers bi j + 1, bi. + 2, . . . , bi j+1 — 1 are 
split into k blocks. This can be shown using the same technique as in the proof of 
Corollary O □ 
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3. A Buection Between Special Non-crossing Partitions and 

Sequences 

In this section we prove our main result, that is, we exhibit a bijection between 
the sets V[ 2n +i] an d S n , where <S„ is the set of sequences s\, s 2 , ■ ■ ■ , s n such that 
the following 2 conditions hold: 

i) 1 < Si < i 

ii) if Si = j, then Sj_ r < j — r for 1 < r < j — 1 
An element s G S 6 , for instance, is: 

s = 1 23 1 1 6 

The following observations about sequences in S n will be useful: The only integer 
Si such that Si = Sj+i is Sj = 1. 

Lemma 3.1. Any sequence s G S n can be obtained from a sequence of n Is using 
the following algorithm. 

(1) Start with the two sequences T and g, where T = 1 1 ... 1 (a sequence of 
n l's), and g — 12 ... n. 

(2) Build successive pairs of sequences {T 1 , g 1 }, {T 2 , g 2 }, . . . , {T n , g n } in the 
following manner: 

(a) Pick an integer m x <n = g n . Let T 1 = T/ T\ ... T^, where T} = T, 
for all i such that i < n, and — mj . 

Let g 1 — g\ g\ ... g\, where g\ — g^ for all i such that i < n — mi, 
and 9n^ mi+ j = j for all j such that 1 < j < mi. Note that choosing 
mi = 1 is also a possibility, in which case, g 1 = 1 2 ... (n — 1) 1, and 
T 1 =T. 

(b) Build T 2 from T 1 by replacing the (n - l) th term of T 1 , T^_ lt with 
any integer m 2 < <7^_i- 

Let g 2 — 1 2 ... n — mi 1 2 ... (mi — m 2 — 1) 1 2 . . . m 2 mi . Note 
that if m 2 < mi, then mi — m 2 — 1 > 0. In the case m 2 — mi + 1, we 
simply have that g 2 = g 1 . 

(c) Continue building such pairs of sequences {T l , g 1 } where for all i, T l 
is obtained from T 1 " 1 by replacing the one in position (n — i + 1) with 
any integer mi < g^ i+1 . The sequence g l is built from the sequence 
g 1 ^ 1 in the manner described earlier. Notice that for alii, T l ,g' 1 G S n . 

One clearly sees that any sequence s G S n can be obtained in the man- 
ner described above, and that indeed the only sequences obtained from this 
algorithm belong to S n . 

The following example illustrates this lemma. 

Example. Pairs of sequences obtained from the algorithm above, where n = 8. 



T : 


; 1 1 1 1 1 1 1 1 


9 ■ 


12 3 4 5 6 78 


T 1 : 


; 1 1 1 1 1 1 1 4 


9 1 


: 1 2 3 4 1 2 3 4 


T 2 : 


: 1 1 1 1 1 1 1 4 


9 2 


: 1 2 3 4 1 2 1 4 


. 


; 1 1 1 1 1 2 1 4 


9 3 


: 1 2 3 4 1 2 1 4 


rp4 . 


: 1 1 1 1 1 2 1 4 


9 4 


: 1 2 3 4 1 2 1 4 


rp5 . 


: 1 1 1 4 1 2 1 4 


9 5 


: 1 2 3 4 1 2 1 4 
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Given ir 6 "P[2n+i]> where Bi — {b^, bi 2 , . . . , bi m }, we construct a sequence 
di, d,2, ■ . • , d2n+i of differences in the following manner: 

(1) Let i = b jk e Bj. Then let 

a) di = b Jk+l -i if \Bj \ > k. 

b) dk = if \Bj\ = k. 

Since a special partition n S Ppn+i] 1S made up of n + 1 blocks, there are 
exactly n + 1 differences that are zero. Thus, there are 2n + 1 — (n + 1) = n 
non-zero differences. 

(2) Let {dj fc }™ be the subsequence of non-zero integers, and form a new se- 
quence {a,}™ such that aj = (d in _ j+1 )/2. 

Define a map / : T-W+il l— ► [ n — l] n by f(w) — (ax,a,2, . . . ,a n ), where the se- 
quence (ai, a2, . . . , a n ) is obtained using steps f and 2 as described above. 



Example, tt = {1, 13} - {2, 4, 6, 12} - {3} - {5} - {7, 11} - {8, 10} - {9} 

The sequence of differences as obtained from step 1 is: 

di = 12, d 2 =2,d 3 = 0, d 4 = 2, d 5 = 0, d 6 = 6, 
d 7 =4,d 8 = 2, d 9 = 0, dio = 0, d n = 0, d 12 = 0, d 13 = 

The subsequence of non-zero integers is: 

{cU?=:{12 2 2 6 4 2} 

The sequence after reversing and dividing by two is: 
{ aj }t =.-{12311 6} 

It is easy to check that this sequence is an element of Sq . In Corollary 12.21 we 
showed that all differences di are even. Thus, the sequence {%■} obtained from / 
is indeed a sequence of integers. 

Theorem 3.1. The mapping f is a bijection between Ppn+i] an d Sn- 

Proof. First, we show that / is well-defined. The maximum value of d\ is 2n+l — 1 = 
2n. But (di)/2 corresponds to a n , so a n < n. Similarly, the maximum value of di k 
is 2n - 2k + 2. Thus, 

a 3 = d ln _ ]+1 /2 < (2ti - 2(n - j + 1) + 2)/2 = 2j/2 = j, 

showing that the first condition for being a sequence in the set S n holds. By 
Corollary 12.31 any difference of 2j between two integers bi k and bi k+1 of a block 
gives rise to a subpartition with j — 1 differences. The maximum values of these 
differences are 2j — 2, 2j — 4, . . . , 2j — 2(j — 1). Therefore, a,j- r < j— r, 1 < r < j — 1, 
and condition 2 holds. Thus, / is well-defined. 

To show that / is onto, given a sequence s = S1S2 . . . s n £ S n , we build its cor- 
responding special partition in the following manner: 
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Associate the sequence of n Is with the Puttenham diagram T>\ below: 




1 2 3 4 5 6 7 8 9 10 11 12 13 
Figure 5. T>\\ Puttenham diagram for a sequence with n l's, n = 6 



Note that T>\ contains n + 1 blocks and is clearly special. We will construct 
a sequence of special partitions from T>i as follows. First, in order to obtain the 
sequence s from the algorithm described in Lemma 3.1, observe that T„ = s n . Now, 
create a corresponding Puttenham diagram V 2 by replacing the 1st arc of T>\, (1, 3), 
with the arc stretching from 1 to 1 + 2s„, and by shifting s n — 1 arcs of length two 
underneath it. In other words, the arcs (3, 5), (5, 7), (7, 9), . . . , are replaced by 
(2, 4), (4, 6), (6, 8) and so on. Note that if s n = 1, then V 2 = T>\. Observe that 
2?2 contains n + 1 blocks, and is clearly special. Moreover, T 1 = 1 1 ... s n and 
g 1 = 1 1 ... (n — s n ) 1 2 . . . n, which means that for the next s n — 1 steps, we will 
be transforming T> 2 by working 'underneath' the arc (1, 1 + 2s„). 

Next, T 2 = 1 1 ... s„_i s n , and we obtain T> 3 from V 2 by replacing the second 
arc of T>2, (2, 4), with the arc (2, 2 + 2s n _i) and once again shifting arcs of length 
two underneath as before. Again, if s n _i = 1, then T> 3 = T> 2 - 

Continue creating each in the following manner: Stretch the ith arc of T>i 
by 2(T^„ i+1 ) = 2s„_j + i, and shift T^_ i+1 — 1 = s n -i+\ — 1 arcs 'underneath' it. 
Notice that after s n — 1 steps, we repeat the process of stretching and shifting arcs 
at the integer 1 + 2s„, and so on. 

The reason that we are able to shift arcs in the manner described above is because 
each T- 7 has a corresponding governing sequence gi whose (n — j + l) th entry helps 
us identify the exact number of arcs of length two that will fit "underneath" the 
stretched arc in Vj + \. Also, notice that at each step, T>j + i is made up of exactly 
one piece. 

Clearly, each time arcs are stretched and shifted, the number of blocks in the 
diagram Dj+i is preserved, as are the conditions of being a special partition. Note 
that subpartitions of each T>j + i are special partitions as well. After n steps (or 
less), this method of construction gives us an element in Ppn+i] that corresponds 
to s and we are done. The figure below illustrates how to construct the special 
partition corresponding to s = 1 1 1 4 1 2 1 4, where n — 8. Notice here that 
T 5 = T 6 = T 7 = T 8 , and therefore V 6 = V 7 = V$ = V g . 
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 



FIGURE 6. Constructing the special partition corresponding to 
s = 1 1 1 4 1 2 1 4. 

□ 
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